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D license.1. Introduction
Nonlinear partial differential equations are useful in describing
the various phenomena in disciplines. The Drinefel’d–Soko-
lov–Wilson [1] equations are important partial differential equa-
tions of the nonlinear dispersivewaves.Moreover, such equation
arise frequently in number of scientiﬁc models including ﬂuid
mechanics, astrophysics, solid state physics, plasma physics,
chemical kinematics, chemical chemistry, optical ﬁber and
geochemistry. Solitary waves are wave packet or pulses which
propagate in nonlinear dispersive media, see [2,3] and the
references therein. Moreover, such equations play a major role
[4,5] in the study of nonlinear dispersive waves, shallow water
waves and ion acoustic plasma waves. It is an established factthat most of the physical phenomena are nonlinear in nature
and hence their appropriate solutions are always more than
essential. In the similar context, several numerical and analytical
techniques including Homotopy Analysis (HAM) [6,7], Homot-
opy Perturbation (HPM) [8], Modiﬁed Adomian’s Decomposi-
tion (MADM) [9,10], Variational Iteration (VIM) [11,12],
Variation in Parameters [13,14], and Finite Difference [15,16]
have been applied to tackle nonlinear problems of diversiﬁed
physical nature. It is be highlighted that most of these techniques
have their inbuilt deﬁciencies including evaluation of the so-
called Adomian’s polynomials, divergent results, discretization,
successive applications of the integral operator, un-realistic
assumptions, non-compatibility with the nonlinearity of physical
problem and very lengthy calculations. It is worth mentioning
that, recently, lot of attention is being given on solitary wave
solutions because appearance of solitary wave in nature is rather
frequent, especially in ﬂuids, plasmas, solid state physics, con-
densed matter physics, optical ﬁbers, chemical kinematics, elec-
trical circuits, bio-genetics, elastic media, etc. The detailed
study of literature reveals some important contributions in this
ﬁeld. Wang et al. [17] presented a reliable technique which is
called (G0/G)-expansion method and obtained traveling waveicense.
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method, second order linear ordinary differential equation with
constant coefﬁcientsG00ðgÞ þ kG0ðgÞ þ lGðgÞ, is used, as an aux-
iliary equation. In the subsequent work, the same has been used
to obtain exact traveling wave solutions for the nonlinear differ-
ential equations, see [18–21] and the references therein. In the
context of solitary solutions, there are many methods such as,
Hirota’s bilinear [22,23], Exp-function [24–26], Sine–cosine
[27], Tanh function [28,29], general algebraic [30], extendedTanh
function [31,32], (G0/G)-Expansion [17,33–35], F-expansion
[36,37], homogeneous balance [38], Backlund transformation
[39], and modiﬁed Exp-function [40]. Inspired and motivated
by the ongoing research in this area, we apply a relatively new
techniques which is called Tanh method and Extended Tanh
method [41–43] to ﬁnd traveling wave solutions of Drinefel’d–
Sokolov–Wilson (DSW) Equation. It is to be highlighted that
Drinefel’d–Sokolov–Wilson (DSW) Equation [1–5] arises fre-
quently in plasma physics, surface physics, population dynamic,
mathematical physics and applied sciences. The proposed scheme
is fully compatible with the complexity of such problems and is
very user-friendly. Numerical results are very encouraging.2. Tanh method [41–43]
Consider the following nonlinear differential equations with
two unknowns:
P1ðu; v; ux; vx; ut; vt; uxx; vxx; . . .Þ ¼ 0;
P2ðu; v; ux; vx; ut; vt; uxx; vxx; . . .Þ ¼ 0; ð1Þ
where P1, P2 are polynomials of the variable u and v and its
derivatives. If we consider u(x, t) = u(n), v(x, t) = v(n),
n ¼ kðx ktÞ so that u(x, t) = U(n), v(x, t) = V(n), we can
use the following changes:
@
@t
¼ kk d
dn
;
@
@x
¼ k d
dn
;
@2
@x2
¼ k2 d
2
dn2
;
@3
@x3
¼ k3 d
3
dn3
;
and so on, then Eq. (1) becomes an ordinary differential
equation
Q1ðU;V;U0;V0;U00;V00;U000;V000 . . .Þ ¼ 0;
Q2ðU;V;U0;V0;U00;V00;U000;V000 . . .Þ ¼ 0;
ð2Þ
withQ1,Q2 being another polynomials form of their argument,
which will be called the reduced ordinary differential equations
of Eq. (2). Integrating Eq. (2) as long as all terms contain deriv-
atives, the integration constants are considered to be zeros in
view of the localized solutions. Now ﬁnding the traveling wave
solutions to Eq. (1) is equivalent to obtaining the solution to the
reduced ordinary differential Eq. (2). For the Tanh method, we
introduce the new independent variable
Yðx; tÞ ¼ TanhðnÞ; ð3Þ
that leads to the change of variables:
d
dn
¼ ð1Y2Þ d
dY
;
d2
dn2
¼2Yð1Y2Þ d
dY
þð1Y2Þ2 d
2
dY2
;
d3
dn3
¼ 2ð1Y2Þð3Y21Þ d
dY
6Yð1Y2Þ2 d
2
dY2
þð1Y2Þ3 d
3
dY3
:
ð4ÞThe next crucial step is that the solution we are looking for is
expressed in the form
uðx; tÞ ¼ UðnÞ ¼
Xm
i¼1
aiYi; vðx; tÞ ¼ VðnÞ ¼
Xn
i¼1
biYi; ð5Þ
where the parameters m and n can be found by balancing the
highest-order linear term with the nonlinear terms in Eq. (2),
and k; k; a0; a1; . . . ; am; b0; b1; . . . ; bm are to be determined.
Substituting (5) into (2) will yield a set of algebraic equations
for k; k; a0; a1; . . . ; am; b0; b1; . . . ; bm because all coefﬁcients
of Yi have to vanish. From these relations,
k; k; a0; a1; . . . ; am; b0; b1; . . . ; bm can be obtained. Having
determined these parameters, knowing that m and n are posi-
tive integers in most cases, and using (5) we obtain analytic
solutions u(x, t), v(x, t) in a closed form. The Tanh method
seems to be powerful tool in dealing with coupled nonlinear
physical models.
3. On using the Tanh method to solve Drinefel’d–Sokolov–Wilson
Equations
Consider the following Drinefel’d–Sokolov–Wilson Equations
utþ pvvx ¼ 0; ð6Þ
vtþ qvxxxþ ruvxþ suxv ¼ 0; ð7Þ
In order to implement the Tanh method, the starting point is
the traveling wave hypothesis as given by
uðx; tÞ ¼ UðnÞ ¼
Xm
i¼1
aiYi; ð8Þ
vðx; tÞ ¼ VðnÞ ¼
Xn
i¼1
biYi; ð9Þ
where
Yðx; tÞ ¼ tanhðnÞ; ð10Þ
n ¼ kðx ktÞ: ð11Þ
The nonlinear system of partial differential Eq. (6) and (7) is
transformed to a system of ordinary differential equations
kkU0 þ pkVV0 ¼ 0; ð12Þ
kkV0 þ qk3V000 þ rkUV0 þ skU0V ¼ 0: ð13Þ
We postulate the following Tanh series in Eqs. (8) and (9), and
the transformation given in (10) and (11) the ﬁrst Eq. (12) re-
duces to
kð1 Y2Þ dU
dY
þ pVð1 Y2Þ dV
dY
¼ 0: ð14Þ
The second equation in (13) reduces to
 kð1 Y2Þ dV
dY
þ qk2 2ð1 Y2Þð3Y2  1Þ dV
dY

6Yð1 Y2Þ2 d
2V
dY2
þ ð1 Y2Þ3 d
3V
dY3

þ rUð1 Y2Þ dV
dY
þ sVð1 Y2Þ dU
dY
¼ 0: ð15Þ
Now, to determine the parameters m and n, we balance the lin-
ear term of highest-order with the highest-order nonlinear
terms. So, in Eq. (12), we balance U0 with VV0, to obtain
Figure 2 The kink solution of v(x, t).
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While in Eq. (13) we balance V000 with UV0, to obtain
6þ n 3 ¼ 2þmþ n 1) m ¼ 2; n ¼ 1:
The Tanh method admits the use of the ﬁnite expansion for:
uðx; tÞ ¼ UðYÞ ¼ a0þ a1Yþ a2Y2; a2–0 ð16Þ
vðx; tÞ ¼ VðYÞ ¼ b0þ b1Y; b1–0: ð17Þ
Substituting U0, VV0 in Eq. (12), and then equating the coefﬁ-
cient of Yi, i= 0, 1, 2 leads to the following nonlinear system
of algebraic equations:
Y0 : ka1þ pb1b0 ¼ 0;
Y1 : 2ka2þ pb12 ¼ 0: ð18Þ
Substituting V;U;V000;V0;U0 in Eq. (13), and again equating
the coefﬁcient of Yi, i= 0, 1, 2, 3 leads to the following non-
linear system of algebraic equations
Y0 : kb1þ rb1a0 2qk2b1þ sa1b0 ¼ 0;
Y1 : sa1b1þ 2sa2b0þ rb1a1 ¼ 0;
Y2 : rb1a2 6qk2b1 2sa2b1 ¼ 0:
ð19Þ
Solving the nonlinear systems of Eqs. (18) and (19) we can get:
a0 ¼ kþ 2k
2q
r
; a1 ¼ 0; a2 ¼  6k
2q
rþ 2s ; b0 ¼ 0;
b1 ¼ 2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 3kq
prþ 2ps
s
k:
Then
uðx; tÞ ¼ kþ 2k
2q
r
 6k
2q
rþ 2sTanh
2ðkðx ktÞÞ;
vðx; tÞ ¼ 2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 3kq
prþ 2ps
s
kTanhðkðx ktÞÞ:
ð20Þ
The solitary wave and behavior of the solutions u(x, t) and
v(x, t) are shown in Figs. 1 and 2 respectively for some ﬁxed
values of the k ¼ 1:5; k ¼ 1; p ¼ 2; q ¼ 1; r ¼ 3; s ¼ 3.Figure 1 The soliton solution of u(x, t).4. The Extended Tanh method
For a given system of nonlinear evolution equations, say, in
two variables [41]
Pðu; v; ux; vx; ut; vt; uxx; vxx; . . .Þ ¼ 0; ð21Þ
Qðu; v; ux; vx; ut; vt; uxx; vxx; . . .Þ ¼ 0: ð22Þ
We try to ﬁnd the following traveling wave solutions:
uðx; tÞ ¼ uðnÞ; vðx; tÞ ¼ vðnÞ; n ¼ x ct;
so that u(x, t) = U(n), v(x, t) = V(n), which are of important
physical signiﬁcance, c is constants to be determined later.
Then system (21) and (22) reduces to a system of nonlinear or-
dinary differential equations
P1ðU;V;U0;V0;U00;V00;U000;V000; . . .Þ ¼ 0; ð23Þ
Q2ðU;V;U0;V0;U00;V00;U000;V000; . . .Þ ¼ 0: ð24Þ
Introducing a new independent variables in the form
Yðx; tÞ ¼ TanhðlnÞ; n ¼ x ct; ð25Þ
that leads to the change of derivatives
d
dn
¼ lð1 Y2Þ d
dY
;
d2
dn2
¼ 2l2Yð1 Y2Þ d
dY
þ l2ð1 Y2Þ2 d
2
dY2
;
d3
dn3
¼ 2l3ð1 Y2Þð3Y2  1Þ d
dY
 6l3Yð1 Y2Þ2 d
2
dY2
þ l3ð1 Y2Þ3 d
3
dY3
:
ð26Þ
The extended Tanh method admits the use of the ﬁnite
expansions:
uðx; tÞ ¼ UðnÞ ¼
XM
i¼1
aiYiðnÞ þ
XM
i¼1
biYiðnÞ;
vðx; tÞ ¼ VðnÞ ¼
XN
i¼1
ciYiðnÞ þ
XN
i¼1
diYiðnÞ;
ð27Þ
in which, ai, bi for i= 0, . . . ,M and ci, di for i= 0, . . . , N are
all real constants to be determined later, the balancing num-
bers M and N are positive integers which can be determined
by balancing the highest order derivative terms with highest
power nonlinear terms in Eqs. (23) and (24). We substitute
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symbolic computation, equating to zero the coefﬁcients of all
power Y±i yields a set of algebraic equations for ai, bi, ci, di
and l.
5. On using the Extended Tanh method to solve Drinefel’d–
Sokolov–Wilson Equations
Consider the following Drinefel’d–Sokolov–Wilson Equations
utþ pvvx ¼ 0; ð28Þ
vtþ qvxxxþ ruvxþ suxv ¼ 0: ð29Þ
Using the wave variable n= x  ct, carries Eqs. (28) and (29)
into the ordinary differential equations.
cU0 þ pVV0 ¼ 0; ð30Þ
cV0 þ qV000 þ rUV0 þ sU0V ¼ 0: ð31Þ
We postulate the following Extended Tanh series in Eq. (27),
and the transformation given in (25) the ﬁrst Eq. (30) reduces
to
clð1 Y2Þ dU
dY
þ plVð1 Y2Þ dV
dY
¼ 0: ð32Þ
The second equation in (31) reduces to
 clð1Y2ÞdV
dY
þq 2l3ð1Y2Þð3Y21ÞdV
dY
6l3Yð1Y2Þ2 d
2V
dY2

þl3ð1Y2Þ3 d
3V
dY3

þ rlUð1Y2ÞdV
dY
þ slVð1Y2ÞdU
dY
¼ 0: ð33Þ
Now, to determine the parameters M and N, we balance the
linear term of highest-order with the highest-order nonlinear
terms. So, in Eq. (32), we balance U0 with VV0, to obtain
2þM 1 ¼ 2þNþN 1)M ¼ 2N:
While in Eq. (33) we balance V000 with UV0, to obtain
6þN 3 ¼ 2þMþN 1)M ¼ 2;N ¼ 1:
The Extended Tanh method admits the use of the ﬁnite expan-
sion for:
uðx; tÞ ¼ UðYÞ ¼ a0þ a1Yþ a2Y2 þ b1Y1 þ b2Y2 ¼ 0;
vðx; tÞ ¼ VðYÞ ¼ c0þ c1Yþ d1Y1:
ð34Þ
Substituting U0, VV0 in Eq. (30), and then collecting the coef-
ﬁcients of Y, we obtain a system of algebraic equations for a0,
a1, a2, b1, b2, c0, c1, d1 and l.
2cla2  plc21 ¼ 0;
cla1  plc0c1 ¼ 0;
plc21  2cla2 ¼ 0;
cla1 þ plc0c1  clb1 þ plc0d1 ¼ 0;
2clb2  pld21 ¼ 0;
clb1  plc0d1 ¼ 0;
pld21 þ 2clb2 ¼ 0:Substituting V;U;V000;V0;U0 in Eq. (31), and again collecting
the coefﬁcients of Y, we obtain a system of algebraic equations
for a0, a1, a2, b1, b2, c0, c1, d1 and l.
2sla2c1  6ql3c1  rla2c1 ¼ 0;
sla1c1  rla1c1  2slc0a2 ¼ 0;
rla2c1 þ clc1  slc0a1  rla0c1  2sla2d1 þ rla2d1
þ 2sla2c1 þ 8ql3c1 ¼ 0;
 sla1d1 þ slb1c1  rlb1c1 þ rla1c1 þ rla1d1
þ sla1c1 þ 2slc0a2 ¼ 0;
clc1  2ql3d1 þ 2slb2c1  cld1 þ rla0d1 þ slc0a1  rlb2c1
þ rla0c1 þ slc0b1
2ql3c1 þ 2sla2d1  rla2d1 ¼ 0;
slb1d1 þ rlb1c1 þ sla1d1 þ rlb1d1  slb1c1
þ 2slc0b2  rla1d1 ¼ 0;
rlb2c1  rla0d1 þ cld1 þ rlb2d1 þ 2slb2d1  slc0b1
þ 8ql3d1  2slb2c1 ¼ 0;
2slc0b2  rlb1d1  slb1d1 ¼ 0;
rlb2d1  2slb2d1  6ql3d1 ¼ 0:
The above equations are cumbersome to solve. Using a mod-
ern computer algebra system, say Maple, we obtain the four
sets of solutions:
a0 ¼ cþ 2ql
2
r
; a1 ¼ 0; a2 ¼ 6ql
2
rþ 2s ; b1 ¼ 0;
b2 ¼ 0; c0 ¼ 0; c1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 3qc
2spþ rp
2
s
l ¼ d1 ¼ 0;
a0 ¼ cþ 2ql
2
r
; a1 ¼ 0; a2 ¼ 0; b1 ¼ 0;
b2 ¼ 6ql
2
rþ 2s ; c0 ¼ 0; c1 ¼ 0; d1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 3qc
2spþ rp
2
s
l;
a0 ¼ 2scþ 16sql
2 þ rc 4ql2r
ðrþ 2sÞr ; a1 ¼ 0; a2 ¼
6ql2
rþ 2s ;
b1 ¼ 0; b2 ¼ 6ql
2
rþ 2s ; c0 ¼ 0;c1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 3qc
2spþ rp
2
s
l; d1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 3qc
2spþ rp
2
s
l;
a0 ¼ 2sc 8sql
2 þ rcþ 8ql2r
ðrþ 2sÞr ; a1 ¼ 0; a2 ¼
6ql2
rþ 2s ;
b1 ¼ 0; b2 ¼ 6ql
2
rþ 2s ; c0 ¼ 0;c1 ¼ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 3qc
2spþ rp
2
s
l; d1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 3qc
2spþ rp
2
s
l;
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solutions:
u1ðx; tÞ ¼ cþ 2ql
2
r
 6ql
2
rþ 2sTanh
2ðlðx ctÞÞ;
v1ðx; tÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 3qc
2spþ rp
2
s
l tanhðlðx ctÞÞ;
u2ðx; tÞ ¼ cþ 2ql
2
r
 6ql
2
rþ 2s coth
2ðlðx ctÞÞ;
u3ðx; tÞ ¼ 2scþ 16sql
2 þ rc 4ql2r
ðrþ 2sÞr 
6ql2
rþ 2s tanh
2ðlðx ctÞÞFigure 4 The kink solution of v1(x, t).v2ðx; tÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 3qc
2spþ rp
2
s
l cothðlðx ctÞÞ; 6ql
2
rþ 2s coth
2ðlðx ctÞÞ;v3ðx; tÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 3qc
2spþ rp
2
s
lTanhðlðx ctÞÞ
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 3qc
2spþ rp
2
s
l cothðlðx ctÞÞ;
u4ðx; tÞ ¼ 2sc 8sql
2 þ rcþ 8ql2r
ðrþ 2sÞr 
6ql2
rþ 2s tanh
2ðlðx ctÞÞ 6ql
2
rþ 2s coth
2ðlðx ctÞÞ;Figure 5 The soliton solution of u2(x, t).
v4ðx; tÞ ¼ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 3qc
2spþ rp
2
s
l tanhðlðx ctÞÞ
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 3qc
2spþ rp
2
s
l cothðlðx ctÞÞ:Figure 3 The soliton solution of u1(x, t).
Figure 6 The soliton solution of v2(x, t).The solitary wave and behavior of the solutions u1(x, t), v1(x, t)
and u2(x, t), v2(x, t) are shown in Figs. 3–6 respectively.
522 S. Bibi, S.T. Mohyud-Din6. Conclusion
Tanh and Extended Tanh method is quite efﬁcient and practi-
cally well suited for use in calculating traveling wave solutions
for Drinefel’d–Sokolov–Wilson Equation. The reliability of
the method and the reduction in the size of computational do-
main give this method a wider applicability.References
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